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1 Introduction 

For a Lie algebra valued 1-form u, one can define a 2-form F(u) = dw + [u, u], which plays an 
important role in differential geometry. For instance if u is a connection 1-form in a principal G- 
bundle, then F(lo) = means that the corresponding connection is flat. On complex manifolds, 
the de Rham differential decomposes as d = d + d, and we define F{u) = duj = [uj,uj\. This 
expression is used in [9] in a theorem which states that the equation f .df = u> is locally 
solvable for / if and only if F(uj) = 0. One of the main results of the present paper, Theorem 
[51 is concerned with certain almost complex structures I w on products M x G associated with a 
(0, l)-form uj. We show that the structure I w is integrable, thus yielding a holomorphic principal 
bundle, if and only if F(lj) = 0. 

The present article is based on the author's Diplom thesis [7]. The starting point of our 
thesis was section 3 in [2J, where holomorphic principal bundles over a Riemann surface £ are 
related to coadjoint orbits of extensions of the so-called current algebra C 00 (S,g). We give a 
proof of this correspondence in Theorem [TOj which provides more details than the discussion 
in [2]. Also, we review some of the results from [9] on classification of holomorphic principal 
bundles via non-abelian cohomology. 

Let us summarize the content of the following four sections. Section 2 contains a summary of 
the basic facts about almost complex and complex manifolds that are needed later. We formulate 
an integrability condition for almost complex structures, and define the Maurer-Cartan equation 
F(to) = as well as the similar equation F(uj) = 0, which we call the Holomorphic Maurer- 
Cartan equation. 

In Section 3, we review material about principal G-bundles. We define and characterize flat 
bundles, and define the gauge group of a principal bundle. In the case of a trivial bundle, the 
gauge group can be identified with the group C°°(M,G) of smooth G-valued maps. The latter 
group is also frequently called current group, and its Lie algebra C°°(M, q) is the current algebra. 
In Section 3.5 we focus on bundles over a closed Riemann surface. In case of a surface of genus 
1 and a compact group G = K, we use a result of Armand Borel on automorphisms of compact 
Lie groups to describe the space of equivalence classes of principal G-bundles quite explicitly. 
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Sections 4 and 5 constitute the main part of the present article. In Section 4 we describe 
almost complex structures on the total space P of a smoothly trivial principal G-bundle in terms 
of differential forms of type (0, 1) on the base manifold. We give criteria for the integrability of 
the almost complex structure, as well as for the holomorphic equivalence of two such structures. 

In Section 5 we define for each holomorphic 1-form r] a central extension E v of C°°(S,g). 
Here we assume that g is simple, so that there is an invariant inner product (•, ■). The extension 
is defined by the cocycle Q(f,g) = L i] A (/, dg). Then we define a pairing between the extension 
E„ and the vector space e* = c e n^s.fl). This pairing establishes the connection to 
holomorphic principal bundles, since each element of Q( 0,1 )(£,g) yields a holomorphic bundle 
structure on the product SxG. Finally we can state the main result Theorem 1101 which relates 
coadjoint orbits in E* to equivalence classes of holomorphic principal bundles. 

2 Almost Complex Structures 

We assume familiarity with the basic constructions of differential geometry of manifolds and 
vector bundles. The main references for complex and almost complex manifolds are [5], Chapter 
IX, and p3]. 

Definition 1. Let M be a real smooth m-dimensional manifold. An almost complex structure 
on M is a smooth section I of End(TM) such that I x = — id^M for each x G M. The pair (M, /) 
is an almost complex manifold. Note that I x = — id^M is only possible if the dimension of M 
is an even number m = 2n. If (M, /) and (N, J) are almost complex manifolds and / : M — > N 
a smooth map, then we say that / is holomorphic if its differential intertwines the complex 
structures, i.e. if df o J = J o df. 

Example 1. Every complex n-dimensional manifold also carries the structure of a 2n-dimensional 
real smooth manifold. Its tangent spaces are complex vector spaces, and if we define I x to be 
multiplication with i in T X X, then (M , I) is a 2n-dimensional almost complex manifold. 

Definition 2. We call an almost complex structure I on a real smooth manifold M integrable 
if M admits the structure of a complex manifold such that I x corresponds to multiplication by 
i as in Example [TJ 

Not every even dimensional real smooth manifold admits an almost complex structure and 
not every almost complex manifold is integrable. The four-sphere S 4 for example does not allow 
an almost complex structure. One of the main theorems of this article is concerned with the 
integrability of an almost complex structure on the total space of a principal bundle. 

Note that if / is an almost complex structure on M, then an eigenvalue A of I x has to satisfy 
A 2 = —1, hence I x has no real eigenvalues. However, if we extend I x to the complexification 
(T x M)c then it has eigenspaces of complex dimension n corresponding to the eigenvalues i and 
—i. This leads to the following definition. 

Definition 3. Let (M, /) be an almost complex manifold. Then I x extends to an endomorphism 
of T X M C and also of the dual T X M^, via I x £(v) = £(I x v) for £ G T X M^ and v G T X M C . Let 

TM C = TM (1 ' 0) © TM^°' l) , TMl = TM* {l Q) © TM{ 0>1) . 

be the corresponding decompositions in subbundles consisting of i-eigenvectors and (— ^-eigenvectors, 
respectively. We then call sections of TM' 1,0 ' and TM^ 0,1 ) vector fields of type (1,0) and (0, 1) 
respectively, and write V(M) = V^ 1,0 \M) ©V^ 0,1 ^(M) . The exterior products ofTM^ decompose 
into a direct sum with summands of the form 
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Smooth sections of these summands are called differential forms of type (p,q), and Q( p ' q \M) is 
the vector space of forms of type (p, q). Usually one chooses local coordinates x\, . . . ,x n , yi, . . . , y n 

such that the vectors ^ := \ - i-^j and := \ + i^j form local frames for 
T^'^M and for T^'^M, respectively. Then a form to of type (p, q) can be expressed locally as 

u\u = a io,-A P+g dz io A • • • A dz ip A dz ip+1 A a?z ip+9 

io<...i p+q 

with smooth coefficients aj 0) ... ! j JJ+ . 

Definition 4. If (M, I) is an almost complex manifold, then the torsion Nj(X, Y) of two vector 
fields X, Y € V(M) is defined to be the vector field given by 

N T (X, Y) = [IX, IY] - [X, Y]-I [IX, Y]-I [X, IY] . 

The following theorem characterizes integrable almost complex manifolds. 

Theorem 1. For an almost complex manifold (M,I), the following are equivalent: 

• I is integrable 

• The decomposition V(M) = V^ 1,0 ^(M) © V^ 0,1 \M) is stable under formation of commuta- 
tors. In other words, V^ 1,0 ^(M) and V^ 0,1 ^(M) are Lie subalgebras ofV(M). 

• The torsion Nj vanishes identically 

Proof. See [5], Chapter IX, Theorem 2.8. ■ 

Definition 5. By Theorem [TJ if M is a complex manifold, then the de Rham differential can 
be written as d = d + B, where Blo € £}( p+1 ' q \M) and Buj G ^ P ' q+1 \M) for a form uj of type 
{p, q). We define the vector space of holomorphic k-forms to be 

n£(M) = {to G O (fc ' 0) (M) I Buj = 0}. 

The holomorphic 0-forms are exactly the holomorphic functions on M. 

Theorem 2. Let M be a complex m-dimensional manifold. Then we have an exact sequence of 
vector spaces 

-> fi£(M) ft (p ' 0) (M) ^ n^M) • • • fi (p ' m " p) (M) -> 
/or eac/i p < m and a complex of vector spaces 

o -> c A Hoi(Af) 4 nJ(M) 4 nj[(M) 4. ■ • • A ojj*(m) -» o. 

Proof. See [T5], Chapter II, Examples 2.12 and 2.13. ■ 

Definition 6. If {M, I) is an almost complex manifold and V a complex vector space, then we 
let Q P (M, V) = QP(M) ®c V be the vector space of p-forms on M with values in V. This can 
be done in particular when V = Q is a complex Lie algebra, and in this case we also define 

[-, ■] : n\M, g) x n\M, g) -> n 2 (M, g) 

by 

[a,(3] p (X,Y) := [a p (X),(3 p (Y)\ - [a p (Y), (3 P (X)] . 
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Remark 1. It is not hard to show that if uj € Q( 0,1 \M,q), then [uj,uj] £ 0,^°' 2 \M,q). Also note 
that [uJ,rj] = [rj,uj] for 1-forms uj and r\. 

Definition 7. If uj is a Lie algebra valued 1-form on a manifold M, then we let 

F(uj) = duj + - [uj,uj] , 
and if M is an almost complex manifold, we let 

F(u) = Buj + - [u,u] . 

Note that by Lemma U if u G f^ ' 1 ) (M,g), then G ft(°' 2 )(M,g). The equation F(w) = is 
called the Maurer-Cartan equation, or MC equation. We call the equation F(uj) = holomorphic 
Maurer-Cartan equation, or HMC equation. 

3 Principal G- Bundles 

We recall the basic definitions concerning principal G-bundles (see for instance |12j). 

Definition 8. Let M be a smooth manifold and G a Lie group. A principal G-bundle is a 
smooth principal fiber bundle q : P — > M with typical fiber G and a smooth right action of G 
on P, such that the bundle charts ipu : q^{U) — > f7 x G are equivariant with respect to the 
right G-action (x, = (x, hg) on U x G. 

Definition 9. Principal G-bundles can be described by Cech-2-cocycles as follows. If {UA is 
an open cover of M, we use the convention Ujk = Uj n U^. Furthermore, let Py = 
If ipj : Pu, — > Uj x G are the bundle charts of a principal G-bundle P, then the change of 
coordinates ipj o i^^ 1 : Ujk x G — ► f/jjt x G can be written as (x, h) i— > (x, gjk(x)h), where the 
: f^j'fc - > G are smooth maps. We call the bundle holomorphic if M is a complex manifold, 
G is a complex Lie group and the change of coordinates ipj o ifj^ 1 or equivalently the gjk are 
holomorphic maps. 

Lemma 1. For a principal G-bundle q : P — > M let us denote the right action of G by a : 
P x G — ► P, and let V(P) denote the Lie algebra of vector fields on P. Then the map 

& : g -> V(P), a{x) p := dcr (p e) (0, x) 

is a homomorphism of Lie algebras. 

Definition 10. Let p g : P — > P,p \—* p.g = o~(p,g) be the right action of g on P. Then 
uj € $7 1 (P, g) is called connection 1-form if it satisfies the following conditions: 

1. ojp(&(x) p ) = x for all x € and p € P. 

2, wo dp g = Ad(g -1 ) o uj. 

The curvature of a connection 1-form is the 2-form F(uj) = dw + i[a;,a>] € J7 2 (P, g). If the 
curvature vanishes, that is, if u satisfies the MC equation, then the connection is called flat. A 
principal G-bundle is called flat if there exists a flat connection 1-form on P. 

Definition 11. Let p : n\{M) — » G be a homomorphism and M the universal covering space 
of M. The fundamental group tt\{M) acts on M from the left by covering transformations, and 
then on M x G via ^.(m, g) = (j.m, p{^)g). It can be shown that the quotient of M x G by this 
action is a manifold, and the induced projection onto M defines a principal G-bundle which we 
call Pp. 
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Lemma 2. For a principal G-bundle P, the following are equivalent: 

• P admits a flat connection 

• M admits a cover {Ui} such that P can be defined by a Cech cocycle consisting of constant 
maps gij. 

• P is isomorphic to P p for a homomorphism p : tt\(M) — > G. 

Definition 12. If P is a principal G-bundle, let Aut(P) denote the group of automorphisms of 
P, that is diffeomorphisms (p of P which satisfy tp(pg) = (p(p)g for all g E G. There is a natural 
homomorphism of Aut(-P) onto Diff(M), and the kernel of this homomorphism is the gauge 
group. Similarly, out(P) is defined to be the Lie algebra of invariant vector fields on P, that is, 
vector fields £ which satisfy p*£ = £ for all g E G. The kernel of the projection aut(P) — > V(M) 
is thought of as the Lie algebra of the gauge group. Connections in P can be identified with 
linear splittings of 

-> gou(P) -» out(P) -» V(Af) -» 

and the curvature of a connection measures the failure of such a splitting to be a homomorphism 
of Lie algebras. 

3.1 Fundamental Theorem 

The main purpose of this subsection is to define the period homomorphism per^ : 717 (M) — » G 
associated to a solution u; of the MC-equation. See [12] for proofs of Theorems [3] and HI 

Definition 13. If G is a Lie group, let X g and p g denote left and right translation by g E G. 
We get corresponding actions of G on TG as follows. If £ € T^G, let g.£ = d/jA s (£) E T^G and 
£.5 = dhPg(C) E TfrgG. Now if / € G°°(M, G), we define the Ze/t logarithmic derivative of f to 
be the g-valued 1-form on M given by 5(f) m = f(m) .df m : T m M — > g. For short, we write 
<5(/) = f .df, and we define the right logarithmic derivative by 5 r (f) = df.f" 1 . 

Theorem 3 (Fundamental Theorem for simply connected manifolds). Let M be a simply con- 
nected manifold, G a Lie group and u £ fi 1 (M, g). Then there exists an f £ G°°(M, G) with 
5(f) = u> if and only if uj satisfies the MC equation. For two elements /i,/2 € G°°(M, G) with 
5(f\) = 5(f2) there exists an element g G G with fa = X g o / x . 

Lemma 3. // 5 : M — > M is the universal cover of a smooth manifold M, let q*tu denote 
the pull-back of a g-valued 1-form uj on M to M. Let /i 7 denote the left action of an element 
7 € tt\(M) on M. Then if f € G°°(M, G) satisfies 5(f) = q*co, so does f o p,~. In particular, by 
the Fundamental Theorem, f p-y = ^ c (j) / f or some c (l) G G. T/ie map 7 1— > 0(7) defines a 
group homomorphsim c : 717 (M) — ► G. 

Definition 14. Let the situation be as in above lemma, and let uj E 1 (M, g) satisfy the 
MC equation. Fix mo E M and let S(u ) E G°°(M,G) be the unique function satisfying 
^(^(u;)) = g*w and 5 , (w)(mo) = e. Then the corresponding homomorphism c : 7Ti(M) — > G is 
called the period homomorphism of uj and is denoted per w . 

Theorem 4 (Fundamental Theorem). Lei M be a connected manifold, G a Lie group and uj E 
1 (M, g). TTten i/iere is an f E G°°(M, G) suc/i i/iat a> = <5(/) i/ and on/y i/u; satisfies the MC 
equation and its period homomorphism per w is constant. For two elements fi, fa E G°°(M, G) 
with 5(fi) = 5 (fa) there exists an element g E G imt/i fa = fi X g . 

The following holomorphic version of the fundamental theorem holds: 
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Theorem 5. Let uj £ Cl\(M, g). Then there is an f £ Hol(M, G) suc/i i/tai a; = <5(/) i/ and onfo/ 
i/w satisfies the MC equation and its period homomorphism per w is constant. For two elements 
fi-, fi £ Hol(M, G) with 5(fi) = 5($2) there exists an element g G G u>ii/i /2 = /i ° A g . 

Proof. Given a; G g), the Fundamental Theroem [4] assures us that there is a map 

/ £ G°°(M, G) with (5(/) = cj if and only if w satisfies the MC equation and the period 
homomorphism per w is trivial. It remains to show that 5(f) = uj implies that / is holomorphic. 
But as 5(f) = f~ 1 .df is of type (1,0) and the multiplication in G is holomorphic, we get 
f -df o I M = if~ 1 .df and hence df o I M = I G o df for the complex structures Im, Ig on M and 
G. This completes the proof. ■ 



3.2 Non-Abelian Cohomology 

We introduce the basic notions of non-abelian cohomology, following Onishchik [9]. 

Definition 15. Let T, G be groups such that T acts on G by automorphisms. Denote this action 
by (7,9) l— ► 1-9- Let C l (T,G) denote the set of maps from T to G. We denote by Z l (T, G) the 
subset of G x (r, G) consisting of all maps / satisfying 

f(a(3) = f(a)a.f((3), Va,/3GT. 

Note that if T acts trivially, then Z l (T,G) = Hom(T,G). The group G acts on Z 1 (F,G) via 
(g.f)(j) ■= gfirf^.g)' 1 . The set of G-orbits in ^(l^G) is denoted by H x (r,G). If the action 
of r is trivial, we have 

H\T,G) = Hom(r, G)/G 

where G acts via (p./) (7) = gf(l)g~ l - 

Definition 16. Let M be a smooth manifold, G a Lie group, uj a g-valued 1-form on M and 
/ G C°°(M,G). We define 

^*/:=<5(/)+Ad(/)~ 1 . W . (1) 

If M is a complex manifold and G a complex Lie group, the left logarithmic derivative of 
/ G C°°(M, G) can be uniquely written as f~ l .df = f~ l .df ' + f~ l .df with f^.df G O^ 1 ' ) (M, g) 
and / _1 .a/ G 0(°' 1 )(M,g). Let us now define 

ff-f-Kdf + Adif)- 1 *,. (2) 

Lemma 4. Equation $7ty defines a right action ofC°°(M,G) on Q (M,g) and, i/M and G are 
complex, an action o/Hol(M, G) on 0^(iW,g). If uj satisfies the MC equation, then so does uj* f. 
Similarly, equation (fjj) defines a right action ofC oc (M,G) on f}( 0,1 )(M, g) which leaves the set 
of solutions of the HMC equation invariant. 

Proof. See Appendix lA.il ■ 

Definition 17. Let Z\ K (M, g) and Z\ Kh (M, g) denote the g-valued 1-forms, resp. the holo- 
morphic g-valued 1-forms on M satisfying the MC equation. We write 

H\ k (M,q) := Z 1 dR (M, Q )/C^(M,G) 

and 

H*(M,g) := Z*(M, a )/Hol(M,G) 



for the sets of orbits of action ([!]) from Definition [T6j 
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3.3 Flat Holomorphic Bundles 

In this subsection, non-abelian cohomology and the period homomorphism are combined to 
construct a sequence of pointed sets including the set of flat holomorphic principal G-bundles. 
The results in this subsection can be found in [9]. 

Definition 18. Let q : M — > M be the universal cover of a smooth manifold M, and let G be 
a Lie group. Given ip S Z (tti(M), Hol(M, G)), we define 

P v := (M x G)/wi(M), 

where 7Ti(M) acts by 7.(771, g) = (7.771, (^(7) (7.771)5). Let the projection p : P^ — » M be given by 
P([0™,s)]) = ?H- 

Lemma 5. T/ie bundle p : P„, — » M is a holomorphic principal G-bundle. The pullback of P^ 
under q is trivial. Conversely, if p : P — > M is any holomorphic principal G-bundle such that its 
pullback under q is trivial, then the bundle is equivalent to some P^. We get equivalent bundles 
Pip = P^ if and only if (p and ip lie in the same orbit under the action of iri(M), i.e. if and only 
if[(p] = [ip] in H 1 (tti (M) , Hol(M, G)). 

Lemma 6. Let P be the map that assigns to lo € Z\^ h (M, g) its period homomorphism. Let 

Bun^^M, G) denote the set of flat holomorphic principal G-bundles over M, modulo holomor- 
phic equivalence. In this set, we choose the class of the trivial bundle as base point. Then we 
get an exact sequence of pointed sets 

G Hol(M, G) ^ Zl R h (M, q) 4 Hom(7n(M), G) -» Bunt ol (M, G) -> 

which is exact in the sense that the fibers of P coincide with the orbits o/Hol(M, G) in Z\ R ^(M, G) 
Exactness at Hom(7ri(M), G) means that the bundle corresponding to ip is holomorphically trivial 
if and only if <p = per^ for some uj G Z\ r ^(M, q). The sequence induces another exact sequence: 

^R,h( M >0) ^ H l {^{M),G) -> BunU(M,G) -> 

Lemma 7. The map P in the above sequence is surjective if one of the following conditions 
holds: 

• tt\ (M) is a free group and G is connected. 

• 717 (M) is a free abelian group and G is a compact connected group whose cohomology is 
torsion free. 

In particular, under these conditions every flat holomorphic principal G-bundle is holomorphi- 
cally trivial. 

3.4 Trivial Bundles 

If P = M x G is a smoothly trivial principal G-bundle, then the gauge group of P can be identified 
with the group C°°(M, G) of G- valued smooth maps on M under pointwise multiplication. This 
will be made precise in the following lemma. 

Lemma 8. IfP = MxG—>Misa trivial principal G-bundle, then we have semidirect product 
decompositions 

Aut(P) = Diff(M) x C°°(M,G) and aut(P) = V(M) x C°°(M, ), 
and the Lie bracket ofV(M) x C°°(M,g) is given by 



[(X,f),(Y,g)] = (-[X,Y],Y(f) - X(g) + [f,g]). 



(3) 
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Proof. (Sketch) If ip{x,g) = [}p\(x, g), (f2(x,g)) is an automorphism of P, then cp(x,g) = 
ip(x,l)g = ((p%(x,i),cp2(x,l))g, and it is easy to see that "f(x) = ipi(x,l) € Diff(M) and 
f(x) = if2(x, 1) G C°°(M, G). Now given tpi = (7$, /j), one computes that 

Vl ° <P2(x,g) = (71 °72(x),/l(72(20)/2(x)s). 

Hence Aut(P) = Diff (M) Q x C°°(M, G), where the action a of Diff (M) on C°°(M, G) is given by 
ip.f(x) = f(tp~ l (x)). The corresponding derived action of V(M) on C°°(M, g) is then computed 
to be X./ = —X(f), and equation ([3]) follows from the general formula for the Lie bracket of a 
semidirect product. ■ 

Remark 2. The Lie bracket of two vector fields X and Y, if we think of V(M) as Lie algebra 
of Diff (M) , is given by — [X, Y] . This is the reason for the occurence of — [X, Y] in equation ([3]) . 

3.5 Bundles over Riemann Surfaces 

Definition 19. From now on, £ will denote a closed Riemann surface, i.e. a compact complex 
manifold of complex dimension 1, and let g denote the genus of £. If Hy, = Q\(T>) denotes the 
vector space of holomorphic 1-forms on E, then g = dime H%. 

Theorem 6. Let £ be a closed Riemann surface of genus g and G a connected topological group. 
Then there is a bijective correspondence between the set of isomorphism classes of topological 
principal G -bundles on £ and tti(G), the fundamental group of G. 

Proof. See [TT], Proposition 5.1. ■ 

Principal G-bundles are determined by homotopy classes of maps into the classifying space BG 
of G, and since each homotopy class has a smooth representative (see the discussion in Chapter 
4 of [4]), we have that a topologically trivial bundle is also smoothly trivial. Thus we get a 
corollary of Theorem [6) 

Corollary 1. If G is simply connected, then every principal G -bundle overT, is smoothly trivial. 



3.5.1 Riemann Surfaces of Genus 1 

If g = 1, then the fundamental group 7Ti(£) is isomorphic to 1? . This implies that a homo- 
morphism 7i"i(£) — > G is uniquely determined by an ordered pair of commuting elements of 
G. 

Theorem 7. Let K be a compact simply connected Lie group and a an automorphism of K. 
Then the set F of fixed points of a is connected. 

Proof. See pQ, Theorem 3.4. ■ 
Corollary 2. The centralizer Z(g) of any element g £ K is connected. 

Proof. Z(g) is the set of fixed points of the automorphism I 9 :ih gxg^ 1 . ■ 

Corollary 3. Let K be a compact simply connected Lie group and x and y two commuting 
elements of K. Then there exists a maximal torus T in K containing both x and y. 

Proof. By the previous corollary, Z[x) is a connected subgroup of K. It is closed, thus compact, 
and it contains y by hypothesis. So y is contained in a maximal torus T' of Z(x), which is also 
a torus in K. Every torus T' C K is contained in some maximal torus T of K, and this maximal 
torus T contains both x and y. ■ 
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Corollary 4. Let K be a compact simply connected Lie group, T a maximal torus in K, and W 
the Weyl group of K. Then the space of holomorphic principal K -bundles over a closed Riemann 
surface of genus 1 is isomorphic to Hom(Z 2 , T)/W, where W acts on T in the usual way. As a 
set, Hom(Z 2 ,T) is isomorphic to T xT. 

Remark 3. This corollary is Theorem 2.6 in the article [3], in which Friedman, Morgan and 
Witten investigate principal G-bundles over elliptic curves. They describe the set Hom(Z 2 , T) /W 
as a weighted projective space, the weights being determined by the Weyl group W. See also [2], 
Proposition 4.1. 

4 Complex Structures on Principal Bundles 

In this section we describe almost complex structures on the total space P of a smoothly trivial 
principal G-bundle with G being a complex Lie group and the base manifold M a complex man- 
ifold. We only consider almost complex structures for which there is a bundle atlas consisting of 
holomorphic maps, and call these compatible almost complex structures. Thus, if a compatible 
structure on P is integrable, then P is a holomorphic principal bundle. We describe the inte- 
grability condition and then we state the condition under which two such holomorphic bundle 
structures are isomorphic. An analogous discussion of holomorphic structures on vector bundles 
can be found for example in [6]. A common feature of the vector bundle and the principal bundle 
case is that the space of almost complex structures is an affine space modeled on a vector space 
of forms of type (0, 1). In case of a vector bundle E, the forms take values in the bundle End(-E), 
whereas in case of a principal G-bundle, they are g-valued forms. 

Let P be a smoothly trivial holomorphic principal G-bundle. Then P is a complex manifold, 
and it carries the corresponding natural almost complex structure. Since the bundle charts are 
biholomorphic, they can be used to express this almost complex structure in terms of a certain 
g-valued form on M. 

Lemma 9. Suppose P is a smoothly trivial holomorphic principal G-bundle over M, and ipj : 
P\Uj ~~ * Uj x G a holomorphic bundle chart given by t/jj(x,g) = (x,^j(x)g) for smooth maps 
7? • ~~ * G. Since P is a complex manifold, it carries an almost complex structure L, and on 
P\Uj this structure is given by 

I(x, g )(v,w) = (iv,iw + 2i"/ j (x)~ 1 .d x "/ j (v).g). (4) 
There is a form uj € tl(°' l '(M, g) which is locally given by j~ l ■d'jj. 

Proof. See Appendix IA. 21 ■ 

Conversely, if we are given a g-valued form u of type (0, 1), an elementary computation shows 
that equation ([3]) defines an almost complex structure on the product M x G. 

Definition 20. If uj G Sl( 0,1 '(M, g), let I w be the almost complex structure on M x G defined 

by I u (v,w) = (iv,iw + 2iu x (y).g) for (v,w) 6T( I)J )(M x G). 

The equation uj = j~ 1 .d^f is locally solvable if and only if uj satisfies the HMC equation (see 
[9], Lemma 6.1). If that is the case, then we can cover M with open sets Ui on which there 
is a solution ji, and then the 7« can be used to define a holomorphic bundle atlas on M x G. 
Recall the characterization of integrability in terms of torsion in Theorem [H We will use this 
characterization to prove that J w is integrable if and only if u satisfies the HMC equation. 

Theorem 8. Let M be a complex manifold, G a complex Lie group and let uj £ ^^'^(M, q). 
The compatible almost complex structure L u on the smoothly trivial principal G-bundle M x G 
is integrable if and only if uj satisfies the HMC equation. 
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Proof. See Appendix IA. 31 ■ 

This theorem shows that to each solution ui of the HMC equation there is a smoothly trivial 
holomorphic principal G-bundle over M. Now we want to show that two such bundles are 
holomorphically equivalent if the corresponding forms are in the same orbit under the action ([2]) 
in Definition 1161 

Theorem 9. Let u\ and 1V2 be solutions to the HMC equation, and let P\ and P2 be the cor- 
responding smoothly trivial holomorphic principal G-bundles over M. Then P\ and P2 are holo- 
morphically equivalent if and only if <jJ\ = 1V2* f for some f G G°°(M, G), i.e. if and only if <jJ\ 
and u>2 are in the same orbit under the action fljj of C°°(M,G). 

Proof. See Appendix IA. 41 ■ 

Remark 4. If M = £ is a closed Riemann surface, then fj( ' 2 )(£) = 0, hence every form of 
type (0, 1) satisfies the HMC equation. If furthermore G is simply connected, then by Corollary 
[T] all principal G-bundles are smoothly trivial, and hence the set of isomorphism classes of 
holomorphic principal G-bundles is given by f2( 0,1 )(£, g)/G°°(£, G). 

5 Central Extensions and Coadjoint Orbits 

In this final section we want to establish a connection between holomorphic principal G-bundles 
over a closed Riemann surface £ and coadjoint orbits in the dual of a central extension of the Lie 
algebra G°°(£,g). The key ingredient is a pairing which involves g-valued forms of type (0, 1) 
on the one hand, and the algebra G°°(S, g) on the other hand. The pairing is defined as integral 
of an appropriate 2-form over S. This material was published in [2] and generalizes a similar 
construction for loop groups (see [ID] . Chapter 4.3). 

5.1 Central Extensions of the Current Algebra 

We recall some basic facts about extensions of Lie algebras. 

Definition 21. A short exact sequence 0— >i-^>g-^>fj— > of Lie algebras is called extension of 
f) by i. Sometimes we just say that g is the extension, if 1 and tt are understood. The extension 
is called central if i is abelian and is mapped by 1 into the center of g. Given a second extension 

J 7r' 

— > i — > g' —* t) — > of t) by i, a morphism or isomorphism of extensions is given by a morphism 
or isomorphism ip : g — » g', respectively, such that (p o 1 = i! and tt = tt' o ip. 

Definition 22. Let Z 2 (\r),\) denote the vector space of bilinear maps £1 : rj x f) — > i such that 
£l(v,v) = and Q([u, v],w) + Q([v,w],u) + Q([w, u], v) = 0. These are the Lie-algebra two- 
cocycles. For a linear map f3 : f) — > i, let 5({3)(u,v) = — (3([u, v]). Then 5{(3) G Z 2 (f),i), and the 
image under 5 of all linear maps is called 5 2 (h,i), the space of two-coboundaries. 

Lemma 10. // Q G Z 2 , we define a central extension of t) by i as g = i © f) with Lie bracket 
[(u, x), (v,y)] = (Q(x,y), [x,y]). Two such central extensions given by f2 and Q' are equivalent if 
and only if — is a coboundary. The vector space of equivalence classes of central extensions 
oft) by i is isomorphic to the second Lie algebra cohomology H 2 (l),\) = Z 2 (t),i)/B 2 (t),\) oft) 
with values in i. 

Now let us consider Lie algebra G°°(M, g). Assume that g is simple and let (•, •) be an invariant 
inner product on g. Then if f,g G G°°(M, g), we have dg G 1 (M, g) and we define the g-valued 
1-form (/, dg) by forming the inner product pointwise. The following result is Proposition 4.2.8. 
in 
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Lemma 11. The assignment 
(f,g)»(f,dg) 

defines a cocycle ofC°°(M, g) with values in 1 (M, g)/dC°°(M, g). The corresponding central 
extension is universal in the sense that it has every other central extension as a quotient. The 
extensions of C°°{M,q) by M. correspond to one- dimensional closed currents C on M, the cocycle 
being given by integrating above cocycle over C. 

Definition 23. Let S be a closed Riemann surface of genus g, and let G be a simple Lie group 
and r\ 6 Hj]. Let E v be the central extension of G°°(£,g) by R given by the cocycle 



(/,<?) = J ri/\(f,dg). 
Lemma 12. The group C°°(£, G) acts on E„ by 
f-(x,g) = L-^r ) A (f^.d^g), Ad(f).g 
Proof. See [8], Proposition III. 3. ■ 
5.2 Coadjoint Orbits 

Definition 24. Let E* = C® fif ' 1 )^, g), and define a right action of C°°(S, G) on £* by 

(A, * / = (A, \f-\8f + Adtf)- 1 .^. (5) 
We define a pairing E* x E v ^ C via 

((A,£),(z,X)) = Ax- / r/A^X). (6) 
is 

Lemma 13. Equation ^ defines a right action, and the pairing (0|) is G)-invariant with 

respect to this action on E* and the action from Lemma{T^ on the extension E v . Furthermore, 
the pairing is non- degenerate. 

Proof. See Appendix IA. 51 ■ 



Lemma [TBI allows us to view E* as being a subspace of the dual of the extended Lie algebra 
E v , and the action ([5]) as coadjoint action. Etingof and Frenkel [2j call E* the smooth part of 
the dual of E v . We conclude with the following theorem, which establishes a relation between 
classes of holomorphic principal bundles and orbits of the coadjoint action. 

Theorem 10. There is a one-to-one correspondence between orbits of the action |5|j for each 
A 7^ and equivalence classes of holomorphic principal G -bundles over S. 



Proof. See Appendix IA. 61 
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A Appendix: Technical Details 

A.l Gauge Group Actions 

Let w be a smooth (holomorphic) 1-form and /, g smooth (holomorphic) G- valued maps. The 
product rule 6(fg) = Ad(g)^ 1 -5(f) + 5(g) is easily verified. We use it to get 

Lo*(fg) = 6(fg)+Ad(f 9 y 1 .u 

= Ad(g)~\5(f) + 5(g) + Ad(g)- 1 Ad(f)- 1 .uj 

= 5(g) + Ad(g)- 1 . (5(f) + Ad(f)-\u;) 

= (w*f)*g. 

Because for constant functions / the left logarithmic derivative 5(f) is zero, the identity element 
of the two mapping groups acts trivially. It remains to show that if M and G are complex and 
/ and uj are holomorphic, then uj * f is a holomorphic 1-form. First observe that, because on G 
multiplication and inversion are holomorphic, we get that f~ 1 .df ol = if~ 1 .df and similarly for 
Ad(/)~ 1 .u, so that uj * / is of type (1,0). We will need the following equation: 

d(u */) + \ [uj*f,uj*f] = Ad(f)- 1 . (du + 1 [u,u;]\ (7) 

Proof, (of Equation ((TJ)). We use equation 

d(Ad(f)-\u) = Ad(f)-\du; - [5(f), Ad(f)-\u] 
from the proof of [8j, Proposition III. 3. (see also [12] Chapter 3, Exercise 4.14) and get 

d(uj * /) + \ [u * f, u * f] = d(5(f)) + AdCf)- 1 .^ - [5(f), Ad(fr\oj] + ±[6(f), 5(f)] 

+ [5(f),Ad(f)- 1 .u] + ^[Ad(f)-\u, Ad(f)-\u] 
= Ad(f)-\(du; + ^[u;,u;]). 

■ 

The right hand side of ([7]) is of type (2, 0) because of Remark Q] and because uj and / are 
holomorphic. The left hand side has to be of type (2, 0) too, and this is only possible if d(oj*f) = 
0. Hence u * f is holomorphic. 

It is immediate from Equation (|7|) that co * f satisfies the MC equation if and only if u does. 

Now let us consider the action denoted by uj • f. The equality uj • (f g) = (uj • /) • g, as well 
as the fact that u • / is again of type (0, 1), follow as above. We need to show that the action 
leaves the set of solutions of the HMC equation invariant. So assume that Buj + \ [uj,uj] = 0. 
Observe that uj*f = uj»f + f .df. If we plug this into equation (|7|) and expand both sides, 
the left hand side yields 

8(uj . /) + d(r\df) + B(uj . /) + B(f-\df) 

+ [uj.f, f~\df] + l -[uJ.f,uJ.f] + ^ [f-\df, f-\df] 

and the right hand side yields 

Ad(fr 1 .(duj + ^[uj,uj]+duj). 

As the terms of degree (0,2) have to coincide, we get 

B(uj . /) + i [uj . f,u; . /] = Ad(f)-\(Buj + \ [uj, uj}) 
Hence uj • / satisfies the HMC equation. 
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A. 2 Compatible Almost Complex Structures 



We consider a bundle chart 



ip :U xG^U xG, 



(x,g) i-> (a;, 7(21)5) 



where 7 : U — > G is smooth. 



Lemma 14. T/ie differential of the bundle chart ip is given by 




) 



where p g and X g denote multiplication by g on the right and left, respectively. 

Proof. For fixed g £ G we let ip g : x 1— ► ip(x,g), and similarly we define ^ : 5 1— ► vp(x,g). 
Then = (id, p g o 7(2;)). The chain rule yields di Xyg \ij) g = (id, dLyi x \p g o ^7). The differential of 
ipx- g^ (x, Xy(x)(g)) is given by d^ g) ip x = (0,d g X^ x) ). ■ 

If (M, I) and (iV, J) are almost complex manifold and <p : M — > JV a biholomorphic map, then 
ZjW = {d x <p)~ l (J x d x ip(v)) . We now apply this fact to the biholomorphic map ^ : P[/ — > f7 x G 
where U x G carries the product almost complex structure J(v,w) = (iv,iw). 

Proof, (of Lemma [9]) . We have 

I(x,g) = {d(x,g)^)~ l Jil>(x,g) d( x ,g)i> 
and if we let I( x ^(v,w) = (c,d), then by definition of I( x , g ) we get 



{c,d l(x) d x -f{c).g + ~i{x).d) = (iv, i{d {dxl(a) .g) + i(j(x).w)). 

So we see that c = iv. We use this to compute d. We also use the fact that multiplication on 
G is holomorphic, thus its differentials commute with i. We get 

j(x).d = ii(x).w + id x ^(v).g - d x j(iv).g 

d = iw + {i^(x)~ 1 d x ^{v) - r y(x)~ 1 d x 'j(iv)).g. 
We use d x j(iv) = d x ^(iv) + d x ^{iv) = i(d x ^y(v) — d x j(v)) and finally get 

(c,d) = (iv,iw + 2i<y(x)~ 1 d x j(v).g), 

where u> x (a) = r ){x)~ l d x ^{a) is a g-valued (0,l)-form on U. ■ 

A. 3 Integrability 

First we recall some facts about differential forms. If to is a 1-form and X and Y are vector 
fields on a smooth manifold M, then we denote by Xlo(Y) the result of applying the derivation 
X to the smooth function uj(Y). The following holds (see [12], Chapter 1, Lemma 5.15): 



d( x , g )^{c,d) = J( X)1 ( x ). g )d( x ^ip(v,w) 



and 



cko(X, Y) = Xu(Y) - Ylo(X) - u([X, Y]). 
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Now if M is a complex manifold and uj is of type (0, 1), then we also have 

du(X,Y) - du(iX,iY) = 2duj(X,Y). 

We can combine these two equations to get 

2duj{X, Y) = Xoj(Y) - Yuj(X) - u([X, Y]) - (iXuj(iY) - iYuj(iX) - u([iX, iY])) 
= Xuj(Y) -Yu(X)-uj([X, Y]) - (Xuj(Y) -Yuj(X) + u([X,Y])) 
= -2u;([X,Y)), 

and we divide by 2 to get 

Buj{X,Y) = -uj{[X,Y\). (8) 

The following lemma constitutes the main part in our proof of Theorem [8] 

Lemma 15. Equip the manifold M x G with the almost complex structure I u corresponding to 
uj G Q(°' 1 )(M,g), and let N u be the torsion of I u . Identify aut(M x G) = V(M) x C°°(M,$) as 
in Lemma\M Then for X,Y G V(M), the torsion of(X,0) and (Y,0) is given by 

NU(X,0),(Y,0)) = (0,-2[uj,cu} (X,Y)-ABuj(X,Y)) 
= (0,-4F(u)(X,Y)), 

which vanishes for all X, Y if and only if uj satisfies the HMC equation. 

Proof. By definition of I u and by the formula for the Lie bracket from Lemma the first 
component of the torsion will simply be the torsion of the natural almost complex structure on 
M, which vanishes since M is a complex manifold. Also, the second term [(X, 0), iY, 0)] has zero 
as second component and thus plays no role in our computation. Let us compute the first, third 
and fourth term of the torsion. 
First term: [I U (X, 0), 7 w (y, 0)] 

UX,0) = (iX,2iuj(X)). 

Now we compute the Lie bracket 

[(iX,2iuj(X)), (iY,2iuj(Y))] = (-[iX,iY],iY(2iuj(X)) - iX(2iuj(Y)) + 4[iuj(X),iuj(Y)\) 

= (-[iX, iY], -2iY(uj(iX)) + 2iX(uj(iY)) + A[uj(iX),uj(iY)\) ^ 

Third term: I U [I U (X, 0), (Y, 0)] As above, I u (X,0) = (iX,2iuj(X)) and then 

[(iX,2iuj(X)),(Y,0)] = (-[iX,Y],Y(2iuj{X))). 

Now we need to apply I u . 



I UJ (-[iX,Y],Y(2iuj(X))) = (-i[iX,Y],iY(2iuj(X)) - 2iuj([iX,Y])) 

= (-i[iX, Y], -2iY(uj{iX)) + 2uj(i[iX, Y])) 



(10) 



Fourth term: I W [{X, 0), I U (Y, 0)] Clearly, we just need to switch X and Y in Equation [T0l 
and multiply by —1. Thus we get 

2iX(uj(iY)) - 2uj{i[iY, X]) (11) 

as second component. 
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Finally we compute the second component of the torsion N U ((X, 0), (Y, 0)) by subtracting 
CEO]) and (JIT]) from © to get 

-2^Y(u;(zX)) + 2iX{u{iY)) + 4[w(»JT), w(iy)] + 2iy(w(iJf)) - 2u(i[iX, Y]) 
-2iX(u(iY)) + 2u(i[iY, X]) 

We have some cancellation, and then we use C-bilinearity of the Lie bracket on g to get 

-2[u, u](X, Y) + 2u([X, Y}) - 2uj([Y, X]) = -2[u, u](X, Y) + 4w([X, Y]). 

Now by Equation ©, the latter term equals -2[u, u](X, Y) - 4duj(X, Y) = —4F(lu)(X, Y). ■ 

This lemma shows that F(uj) = is a necessary condition for the structure I u to be integrable. 
To see that it is also sufficient, note that the torsion is C°°(M x G)-bilinear and symmetric 
(see [5]). Hence it suffices to compute the torsion of pairs (X, 0),(Y, 0) and (X, 0), (0, /) and 
(0,/),(0,g) of elements of V(M) x C°°(M,g). By Lemma El the torsion N((X, 0), (Y, 0)) 
vanishes, and the two remaining expressions N((X, 0), (0,/)) and iV((0, /), (0,g)) can easily be 
seen to vanish, too. This completes the proof of Theorem El 

A. 4 Equivalence of Complex Structures 

Proof. An isomorphism of holomorphic principal G-bundles is a biholomorphic bundle map 
F : M x G — > M x G. Every such bundle map is of the form (x,g) h- > (x, f(x)g) for a smooth 
map / £ C°°(M, G). Now there is an open cover {Uj} of M such that we have bundle charts ^fj 
and ty'j for the two bundles, given by 

(x,g) i * (x,ipj(x)g), (x,g) ^ (a;, 7^)5) 

respectively, and such that the restrictions of the forms defining the structures are given by 
£i\Uj = ip^dipj and ^Wj = Let us omit the indices as we will stay within one chart 

U = Uj. Then the map F is given in this chart by f'oFo$ _1 : (x,g) 1— > (x,^/(x)f(x)ijj(x)~ 1 g). 
This map has to be holomorphic with respect to the product complex structure on U x G, and 
thus x 1— > j(x)f(x)')p(x)~ 1 has to be holomorphic. Using the product rule for G- valued functions, 
we get 

= dj.f.tl;- 1 + j.df.ip- 1 - y.f.^.Bip.Tp- 1 . 
Now multiplying by 7 _1 from the left and ip-f^ 1 from the right yields 

= 7-^7 + a/./- 1 - f.^.d^.f- 1 

and thus 

£i = r i .£7+Ad(/r i .6, 

which proves one part of our claim. Conversely, let £1 = / _1 .<9/ + Ad(/) _1 .^2 such that in 
a coordinate patch U we have £1 = V -1 -dip and £2 = tp .dip. Then by reversing the above 
computation we get 9(7 • / • ip~ l ) = 0, and therefore ^ : (to, g) — > (m, f(m)g) is a biholomorphic 
equivalence between the bundles corresponding to £1 and £2- B 
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A. 5 Action and Pairing 

Proof. By LemmaUl equation (|5|) defines a right action. We need to prove C°°(£, G)-invariance 
of the pairing, so we need to show 

((Ad + 0*f, (z> x)) = (\B + f.(x, X)) 

for all / G C°°(£,G),X 6 C°°(£,g) and £ G O( o,1 )(£,0). Computing the left hand side yields: 
((AS + * /, (x, X)) = (A3 + Xf~ l .Bf + k&UT 1 -^ (x, X)) 

= Xx - J n A (A/- 1 ^/ + Ad(/)- 1 .^, X) 

and the right hand side is: 

(Ad + ZJ* (x, X)) = (\5 + £, (x - J r, A (/^.d/, X), Ad(/).X 

= A (x - J r, A J/, X)^j- j'^A (£, Ad(f).X) 

which coincides with the left hand side since (•, •) is invariant. 

Now it remains to prove that the pairing is non-degenerate. Here we will use that integration 
over manifolds is defined using integration over coordinate patches together with a partition of 
unity. The main fact is that on an open set U C C the holomorphic form rj is given by fdz 
for a holomorphic nonzero function /. Similarly a form of type (0, 1) is locally of the form gdz 
for a smooth function g on U with values in q. Here dz u and dz u are at every point u G U a 
basis of the one-dimensional spaces T M £hm and T u £( 0i i) (recall Definition [3|) . So the integral 
of n A (£, X) over C7 becomes 

/ f(g,X)dzAdz. 

The function / is holomorphic on U, and we can assume that U is connected, so that supp(/|f7) = 
U. So if this integral vanishes for every smooth X : U — > 0, necessarily the map g has to be zero. 
Conversely if the integral vanishes for every g, then X = 0. Prom this it follows that the pairing 
is non-degenerate. ■ 

A. 6 Orbit-Bundle Correspondence 

Proof. The hyperplanes A = const, are fixed under the action. So given £ G fi( 0,1 )(£,(j) we 
want to construct a principal G-bundle. Note that on £ there are no non-zero (0,2)-forms, 
therefore [£,£] + 2<9£ = 0, that is, £ satisfies the HMC equation. Using Theorem EJ we get the 
structure of a complex manifold on £ x G with charts 

ipi : Ui x G -> C/i x G, (a;,g) i-> (x,~n(x)g) 

and the 73 satisfying j^ 1 .Bji = £ on [/j. This implies that, on the intersection of L/j and f/j, we 
have 7" .$7^ = 7" .<97i and therefore 

Using the quotient rule for differentials of G- valued functions, we see that the transition functions 
9ij = li'yj 1 are holomorphic: 

= 0, 
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so we have associated to £ a holomorphic principal G-bundle. In Theorem [9] we have seen that 
two such bundles are holomorphically equivalent if and only if £1 =£2*5 for some g £ G s . Thus 
each orbit corresponds to a different equivalence class of holomorphic bundles. We have to show 
that every holomorphic principal G-bundle arises in this way. We have already seen that all 
bundles over £ are topologically trivial, so we let P = M x G. Let tpj : (u, g) 1— > (u, jj (u)g) denote 
the bundle charts. As the bundle is holomorphic, the transition functions are holomorphic, so 
9(7i7~ 1 ) = = (97j)7~ 1 — 7j7J" 1 (97j)7 J ~ 1 and therefore 7J~ 1 07j = 7j~ -dji on the intersection 
Ui n Uj. Therefore the jj^-d^fj define a (0, l)-form £ with values in $j on S, and obviously the 
bundle that we construct from £ as in the first part of our proof coincides with the given one. ■ 

Acknowledgements 

The author wishes to thank Karl-Hermann Neeb for his continuing support, and Jimmie Lawson 
for encouraging me to submit this paper. 

References 

[1] Armand Borel, Sous groupes commutatifs et torsion des groupes de Lie compacts connexes, Tohoku Math. 
J. 13 (1961), 216-240. 

[2] P. I. Etingof and I. B. Frenkel, Central Extensions of Current Groups in two Dimensions, Comm. Math. 
Phys. 165 (1994), 429-444. 

[3] R. Friedman, J. Morgan and E. Witten, Principal G-bundles over elliptic curves, Math. Res. Lett. 5 (1998), 
97-118. 

[4] Morris W. Hirsch, Differential Topology, Graduate Texts in Mathematics, Springer Verlag, New York, 1994. 

[5] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Interscience publishers, John Wiley 
and Sons, Inc., New York, London, 1963. 

[6] S. Kobayashi, Differential Geometry of Complex Vector Bundles, Kand Memorial Lectures 5, Princeton 
University Press, Princeton, 1987. 

[7] M. Laubinger, Complex Structures on Principal Bundles, Diplom Thesis (Adviser: K.-H. Neeb), Darmstadt 
University of Technology, 2004. 

[8] P. Maier and K.-H. Neeb, Central Extensions of Current Groups, Math. Ann. 326 (2003), 367-415. 

[9] A. L. Onishchik, Some Concepts and Applications of Non-abelian Cohomology Theory, Trans. Mosc. Math. 
Society 17 (1967), 49-98. 

[10] A. Pressley and S. Segal, Loop Groups, Oxford Science Publications, Oxford, 1986. 

[11] A. Ramanathan, Stable Principal Bundles on a Compact Riemann Surface, Math. Ann. 213 (1975), 129-152. 

[12] R. W. Sharpe, Differential Geometry, Graduate Texts in Mathematics, Springer Verlag, New York, 1997. 

[13] R. O. Wells, Differential Analysis on Complex Manifolds, Prentice-Hall, Englewood Cliffs, 1973. 



